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Main contributions and outline

Main contributions
• Propose a general framework of Simultaneous Clustering And estimatioN of

heterogeneous graphical models (SCAN).

• Develop a non-asymptotic statistical analysis for the output directly from the SCAN
algorithm.

• Verify the proposed algorithm through numerical experiments and real data analysis.

• Methodology

• Population-based analysis

• Sample-based analysis

• Numerical experiments

• Real data

• Conclusion
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Methodology



Heterogeneous graphical models

• Among K groups, samples in the k -th group are generated i.i.d. from the following
Gaussian distribution:

fk (x; µk ,Σk ) = (2π)−p/2|Σk |
−1/2 exp

{
−

1
2
(x − µk )

TΣ−1
k (x − µk )

}
.

• Let Ωk = Σ−1
k be the k -th precision matrix with the ij-th entry ωkij .

• We write Θk = vec(µk ,Ωk ) ∈ Fk ⊂ R
p+p2

as its vectorized representation, and write the
parameter of interest Θ as

Θ = (Θ1, ...,Θk )
T ∈ F = F1 × · · · × FK ⊂ R

K(p+p2).

• Note that the degrees of freedom of Θ are K(p + p(p + 1)/2).

• Thus, X follows a K -heterogeneous graphical model when its density is defined as

X ∼ f(x; π,Θ) =
K∑

k=1

πk fk (x; Θk ), π = (π1, ..., πK ), πk ≥ 0,
K∑

k=1

πk = 1.
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Objective function

• Consider the penalized log-likelihood function for the observed data

logL(π,Θ;X1:n) =
1
n

n∑
i=1

log

 K∑
k=1

πk fk (Xi ; µk ,Ω
−1
k )

 − R(Θ),

where R(Θ) is a penalized term.

• This paper takes

R(Θ) = λ1

K∑
k=1

∥µk ∥1︸    ︷︷    ︸
P1(µ)

+λ2

K∑
k=1

∥Ωk ∥1,off︸        ︷︷        ︸
P2(Ω)

+λ3

∑
i,j

 K∑
k=1

ω2
kij


1/2

︸              ︷︷              ︸
P3(Ω)

.

• The SCAN method aims to solve maxπk ,µk ,Ωk logL(π,Θ;X1:n).
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E-step

• By introducing the latent random vector L = (L1, ..., LK ) ∼ Multi(1, (π1, ..., πK )
T ), the complete

penalized log-likelihood can be written as

logLc(π,Θ;X1:n, L1:n) =
1
n

n∑
i=1

K∑
k=1

Lik

[
log πk + log fk (Xi ; Θk )

]
− R(Θ).

• For the t-th E-step, taking the conditional expectation with respect to the observed data X1:n

yields

Eπ(t−1) ,Θ(t−1)

(
logLc(π,Θ;X1:n, L1:n) | X1:n

)
= Qn(π,Θ | π

(t−1),Θ(t−1)) − R(Θ),

where

Qn(π,Θ | π
(t−1),Θ(t−1)) =

1
n

n∑
i=1

K∑
k=1

L (t−1)
ik log πk︸                      ︷︷                      ︸

Qn(π|π(t−1) ,Θ(t−1))

+
1
n

n∑
i=1

K∑
k=1

L (t−1)
ik log fk (Xi ; Θk )︸                                 ︷︷                                 ︸

Qn(Θ|π(t−1) ,Θ(t−1))

, and

L (t−1)
ik = Eπ(t−1) ,Θ(t−1)(Lik | X1:n) =

π
(t−1)
k fk (Xi ; Θ

(t−1)
k )∑K

ℓ=1 π
(t−1)
ℓ fℓ(Xi ; Θ

(t−1)
ℓ )

.
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CM-step

• A typical t-th M-step is to solve

(π(t),Θ(t)) = argmax
π,Θ

Qn(π,Θ | π
(t−1),Θ(t−1)) − R(Θ),

which does not give a closed-form solution.

• The t-th CM-step alternatively obtains a solution via block-wise update, that is,

π(t) = argmax
π

Qn(π | π
(t−1),Θ(t−1)),

µ(t) = argmax
µ

Qn(µ,Ω
(t−1) | π(t−1),Θ(t−1)) − λ1P1(µ),

Ω(t) = argmax
Ω

Qn(µ
(t−1),Ω | π(t−1),Θ(t−1)) − λ2P2(Ω) − λ3P3(Ω). (1)

• The solution for (1) can be found efficiently by the ADMM algorithm, which does not guarantee
the symmetry of the solutions in general.

• Thus, it requires an additional symmetrization strategy: ω(t)
kij = min(ω

(t)
kij , ω

(t)
kji ).
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Population-based analysis



Notations

• Let D be the index set of diagonal components of K precision matrices, i.e.,
ΘD = (ω111, ..., ω1pp , ..., ωK11, ..., ωKpp).

• Denote O as the complete index set of Θ and Dc = O \ D as the complement set of D.

• Let Sµ∗ =
⋃K

k=1{j : µ
∗
kj , 0, j = 1, ..., p} and SΩ∗ =

⋃K
k=1{(i, j) : ω

∗
kij , 0, i , j}, where µ∗

and Ω∗ are the true parameters.

• Define the sparsity parameters as sΩ∗ = |SΩ∗ | and sµ∗ = |Sµ∗ |.

• Let Ξ ⊂ F be some non-empty convex set of parameters, of which the interior contains
Θ∗, and define the support spaceM as

M = {V ∈ Ξ : µkj = 0 for all j < Sµ∗ , and ωkij = 0 for all (i, j) < SΩ∗ }.
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Population-based analysis

• A population counterpart for Qn(π,Θ | π
(t−1),Ω(t−1)) can be defined as

Q(π′,Θ′ | π,Θ) = Eπ∗,Θ∗

 K∑
k=1

Lπ,Θ,k (X) log π′k

︸                              ︷︷                              ︸
Q(π′ |π,Θ)

+Eπ∗,Θ∗

 K∑
k=1

Lπ,Θ,k (X) log fk (X ; Θ′)

︸                                        ︷︷                                        ︸
Q(Θ′ |π,Θ)

,

where Lπ,Θ,k (X) = Eπ,Θ(Lk | X) ∝ πk fk (X ; Θk ).

• In the sequel, π is fixed at π1 = · · · = πK = 1/K , so π is omitted.

• (Lemma 5) One can readily obtain ΘM = argmaxΘ′ Q(Θ′ | Θ) as

µM
k =

EΘ∗(LΘ,k (X)X)

EΘ∗(LΘ,k (X))
, ΩM

k = EΘ∗(LΘ,k (X))
[
EΘ∗(LΘ,k (X)(X − µM

k )(X − µ
M
k )

T )
]−1
.
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Population-based analysis

Condition 6 (Sufficiently separable condition).
We assume K clusters are sufficiently separable such that given an appropriate small
parameter γ > 0, it holds a.s.

LΘ,k (X) · LΘ,j(X) ≤
γ

24(K − 1)
√
max{W ,W ′,W ′′}

for each pair j , k and any Θ ∈ Bα(Θ
∗; Ξ) = Bα(Θ

∗) ∩ Ξ, where Bα(Θ∗) ⊂ F is an α-radius
closed ball centered at Θ∗ w.r.t. ∥·∥2.

• Recall the fact that LΘ,k (X) = EΘ(Lk | X) ∝ fk (X ; Θk ).

• Intuitively, Condition 6 ensures that fk (X ; Θk ) · fj(X ; Θj) ≈ 0 whenever Θ ≈ Θ∗.
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Population-based analysis

Lemma 7 (Gradient stability).
Under Condition 6, the function Q(· | Θ) satisfies

∥∇Q(Θ∗ | Θ) − ∇Q(Θ∗ | Θ∗)∥2 ≤ τ · ∥Θ −Θ
∗∥2,

with parameter τ ≤ γ/12 for any Θ ∈ Bα(Θ
∗; Ξ). The gradient ∇Q(Θ∗ | Θ) is taken with

respect to the first variable of Q(· | ·).

• Lemma 7 guarantees that the curvature of Q(· | Θ) is similar to that of Q(· | Θ∗) when Θ

is close to Θ∗.
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Sample-based analysis



Restricted strong concavity

Condition 8 (Bounded eigenvalue condition).
There exist some positive constants β1, β2 such that

0 < β1 < min
1≤k≤K

λmin(Ωk ) < max
1≤k≤K

λmax(Ωk ) < β2.

Lemma 9 (Restricted strong concavity).
Suppose that Condition 8 holds. Then, for any Θ ∈ Bα(Θ

∗), with probability at least 1 − δ,
each Θ′ ∈ B2α(Θ

∗) satisfies

Qn(Θ
′ | Θ) − Qn(Θ

∗ | Θ) − ⟨∇Qn(Θ
∗ | Θ),Θ′ −Θ∗⟩ ≤ −

γ

2
∥Θ′ −Θ∗∥22,

with sufficiently large n, where γ = c ·min{β1, 0.5(β2 + 2α)−2} is the strong concavity
parameter for some constant c.
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Bound for gradient gap

Condition 10 (Bound for gradient gap).
For any fixed Θ ∈ Bα(Θ

∗; Ξ), with probability at least 1 − δ1,∥∥∥∥∥∥∥
[
∇Qn(Θ

∗ | Θ) − ∇Q(Θ∗ | Θ)
]
Dc

∥∥∥∥∥∥∥
P∗

≤ ϵ1,

and with probability at least 1 − δ2, we have∥∥∥∥∥∥∥
[
∇Qn(Θ

∗ | Θ) − ∇Q(Θ∗ | Θ)
]
D

∥∥∥∥∥∥∥
2

≤ ϵ2,

where ϵ1 and ϵ2 are functions of n, p, K , δ1, and δ2, and ∥·∥P∗ is the dual norm of
P(Θ) = M1P1(µ) + M2P2(Ω) + M3P3(Ω) for some positive constants M1, M2, and M3.
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Statistical error versus optimization error

Definition 11 (Support space compatibility constant).

For the support subspaceM ⊂ RK(p+p2), we define

ν(M) = sup
Θ∈M\{0}

P(Θ)

∥Θ∥2
= sup

Θ∈M,∥Θ∥2=1
P(Θ).

• Intuitively, ν(M) measures the aggression of P(·) onM.

• As the true parameters become denser, ν(M) tends to increase.

• Thus, the larger ν(M) is, the more samples are needed to achieve statistical
consistency.
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Statistical error versus optimization error

Theorem 13 (Convergence rate).
Suppose Conditions 6, 8, and 10 hold. Let κ = 6τ/γ ≤ 1/2, where τ, γ are calculated in Lemma 7 and
Lemma 9. Consider the SCAN algorithm with initialization Θ(0) falling into a ball Bα(Θ∗; Ξ) for some
constant radius α > 0 and assume the tuning parameters satisfy λ1 = M1λ

(t)
n , λ2 = M2λ

(t)
n , λ3 = M3λ

(t)
n ,

and

λ
(t)
n = ϵ +

κ

γ
ν(M)

∥∥∥Θ(t−1) −Θ∗
∥∥∥

2
.

If the sample size n is large enough such that ϵ ≤ (1 − κ)γα/(6ν(M)), then Θ(t) satisfies, with
probability at least 1 − tδ′, ∥∥∥Θ(t) −Θ∗

∥∥∥
2
≤

6ν(M)

(1 − κ)γ
ϵ︸      ︷︷      ︸

Statistical Error (SE)

+ κt
∥∥∥Θ(0) −Θ∗

∥∥∥
2︸             ︷︷             ︸

Optimization Error (OE)

,

where δ′ = δ+ δ1 + δ2 with δ, δ1, δ2 defined in Lemma 9 and Condition 10 and ϵ = ϵ1 + ϵ2/ν(M).
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Consistency

Condition 16.
The largest element of cluster means and precision matrices are both bounded, that is, for some
positive constants c1 and c2,

∥µ∗∥∞ = max
1≤k≤K

∥µ∗k ∥∞ < c1, and ∥Ω∗∥∞ = max
1≤k≤K

∥Ω∗k ∥∞ < c2.

Condition 17.
Suppose that the number of clusters K satisfies K 2 = o(p(log n)−1).

Corollary 18 (Consistency).
Suppose Conditions 6, 8, 10, 16, and 17 hold. If the sample size n and the iteration step size T is
sufficiently large, the optimization error is dominated by the statistical error, and thus

K∑
k=1

(∥∥∥∥µ(T)k − µ
∗
k

∥∥∥∥
2
+
∥∥∥∥Ω(T)

k −Ω
∗
k

∥∥∥∥
F

)
≲

∥Ω∗∥∞
√

K 5sµ∗ log p
n︸                      ︷︷                      ︸

Cluster means error

+ ∥Ω∗∥∞

√
K 3(KsΩ∗ + p) log p

n︸                                 ︷︷                                 ︸
Precision matrices error

 .
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Support consistency

Remark 20.

To ensure the support consistency, we threshold the precision matrix estimator Ω(T)
k such

that ω̃kij = ω
(T)
kij I(|ω(T)

kij | > rn) for rn = (
√

K5sµ∗ +
√

K3(KsΩ∗ + p))
√
(log p)/n.

Under the minimal signal assumption for the true precision matrices, the support consistency
can be accomplished with probability tending to one.

Theorem S.2 (Support consistency).

Denote the final precision estimator as Ω̃k and its support as Ṽk . Under the conditions in
Corollary 18 and the minimal signal condition, we have, with probability tending to one,
Ṽk = Vk , whereVk is the support of Ω∗k .
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Numerical experiments



Universal settings

• A cluster membership Yi is uniformly sampled from {1, 2, 3}.

• Given the cluster label, each sample Xi is generated from a Gaussian distribution
N(µ(Yi),Σ(Yi)).

• The cluster mean µ(Yi) is sparse: its first 10 variables are non-zero (defined based on
Yi), and the last p − 10 variables are zeros. Precisely,

µ(Yi) = (µ1T
5 ,−µ1

T
5 , 0)

T I(Yi = 1) + (µ1T
10, 0)I(Yi = 2) + (−µ1T

5 ,−µ1
T
5 , 0)

T I(Yi = 3).

• The number of features p = 100 and sample size n = 300 are used in the simulations.

• The initial values π(0), µ(0), and Ω(0) are obtained by random initialization.
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Regular network

• Regular network.

▷ Each precision matrix Ωj (j = 1, 2, 3) is a p × p matrix generated as a 5-block
tridiagonal matrix.

▷ A p × p matrix A = (aij) is defined as tridiagonal if aij = 0 whenever |i − j| > 1.

▷ To allow the similarity across clusters, the off-diagonal entries of Ω1,Ω2,Ω3 are set
to η, 0.99η, and 1.01η, respectively.

▷ All diagonal entries are 1.

• Model 1: µ = 0.8 and η = 0.3.

• Model 2: µ = 1 and η = 0.3.

• Model 3: µ = 1 and η = 0.4.
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Regular network
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Power-law network

• Power-law network.

▷ Each of the networks has ten equally sized unconnected subnetworks.

▷ The entries of the initial p × p matrix w1ij are defined as:
· w1ij = 1 if i = j (diagonal entries).
· w1ij = 0 if i , j and there is no edge (explicit sparsity).
· w1ij ∼ Unif([−0.4,−0.1] ∪ [0.1, 0.4]) if i , j and an edge exists (non-zero values for

connections).

▷ Eight of the ten subnetworks share identical structure and edge values across all three
clusters.

▷ One subnetwork remains the same for only the first two classes, and the last one appears
only for the first class.

• Model 4: µ = 0.7.

• Model 5: µ = 0.8.

• Model 6: µ = 0.9.
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Power-law network
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Chain network

• Chain network.

▷ Similar to the power-law network, each of the networks consists of ten
unconnected subnetworks.

▷ The ij-th element of each block of the first covariance matrix Σ1 is constructed as
σij = exp(−|si − sj |), s1 < s2 < · · · < sp/10 with si − si−1 ∼ Unif(0.5, 1).

▷ Σ2 is created to be identical to Σ1 but with one of the ten block matrices reset to an
identity matrix.

▷ Similarly, Σ3 resets an additional block matrix besides the one reset for Σ2.

• Model 7: µ = 0.7.

• Model 8: µ = 0.8.

• Model 9: µ = 0.9.
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Chain network
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Real data



Glioblastoma cancer data

• The raw gene expression dataset measures 17, 814 levels of mRNA expression of
n = 482 GBM patients.

• Each patient belongs to one of K = 4 subgroups of GBM: Classical, Mesenchymal,
Neural, and Proneural.

• Among the 17, 814 variables, 840 signature genes are considered, from which p = 50
are finally selected after the sure independence screening analysis.

• The tuning parameters are set at λ1 = 0.065, λ2 = 0.238, and λ3 = 0.138.
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Results
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Results
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Conclusion



Conclusion

• This paper proposes a new SCAN method for detecting heterogeneous graphical
models.

• Its theoretical guarantees are explored, which addresses the trade-off between
statistical accuracy and computational complexity.

• The assumption that the initial value is close enough to the true parameter resolves
several technical issues.

• The support consistency remains vague.

• The empirical results betray that the estimators tend to be sparse:

Ω(t) = argmax
Ω

Qn(µ
(t−1),Ω | π(t−1),Θ(t−1)) − λ2P2(Ω) − λ3P3(Ω).
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