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Main contributions and outline

Main contributions

e Extend the LINGAM to the functional linear non-Gaussian acyclic model
(Func-LiINGAM).

Establish identifiability for the Func-LINGAM.

Propose an algorithm to learn the Func-LINGAM based on the functional principal
component analysis (FPCA) regression.

® Preliminaries e Algorithm

LINGAM for random vectors ® Empirical results

LINGAM for random functions e Conclusion
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Preliminaries



LINGAM

Proposition 1 (Darmois-Skitovich theorem). |
Define two random variables L and L, as linear combinations of independent random
variables & (j=1,...,m) form > 2, i.e.,

m m
Ly = Z @iy, Lo = Zﬂjf/-
=1 =1

Then, if Ly and L. are independent, all random variables ¢; with a;5; # 0 are Gaussian.

Proposition 2 (Identifiability for the LINGAM). |
Assume that X follows the LINGAM. Then, a random variable X; is exogenous if and only if X;

is independent of its residuals r,(j) = Xk — Cf,gri(;;(’)X for all j # k.
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Hilbert space

Definition 1 (Banach space). |
A Banach space is a complete normed vector space.

Definition 2 (Hilbert space). |
A Hilbert space is a Banach space equipped with an inner product that induces the norm.

Proposition 3 (Cardinality of a Hilbert space).
A Hilbert space is separable if and only if it has a countable orthonormal basis.

® |n the sequel, any Hilbert space is endowed with separability.
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Linear operator

Definition 3 (Linear operator). |
Suppose H; and H» are two Hilbert spaces. A mapping T : Hy — Hy is called a linear
operator if

T(af + bg) = aT(f) + bT(g) for all scalars a,b and f, g € Hj.
In addition, T is said to be bounded if there exists a positive constant C such that

IT(F)llez, < ClIflle, -

Definition 4 (Continuity of a linear operator).
A linear operator T is said to be continuous if T(f,) — T(f) whenever f, — f.

Proposition 4.
A linear operator T is bounded if and only if it is continuous.

5/29



Linear operator

Proposition 5 (Adjoint operator). |
Let T : Hy — H», be a bounded linear operator. Then, there exists a unique bounded linear
operator T* : H, — H; such that

® (T(f), 9u, = f, T"(9)u, >
® IT"llop = IITllop, @and
« (PY=T.

The linear operator T* is called the adjoint of T.

Definition 5 (Symmetric operator).
A bounded linear operator T : H — H is said to be symmetric if T = T".
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Linear operator

Definition 6 (Compact operator). |

Let Hy and H, be two Hilbert spaces and B be a closed unit ball in Hy. A linear operator
T : Hy — H, is called a compact operator if T(B) has a compact closure.

Proposition 6. \
A linear operator T : Hy — Hy is compact if and only if for any bounded sequence {f,},_, in
Hy, {T(f.)};>_, has a convergent subsequence in Hp.

n—
Proposition 7.
Let T : H — H be a linear operator. Then, the followings hold:
e [f T is compact, then T is bounded.
e T is compact if and only if T* is compact.

e |f T is compact, then TT* and T*T are also compact.
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Linear operator

Proposition 8 (Spectral theorem). |
Suppose that T : H — H is a compact symmetric operator. Then, there exist an
orthonormal basis {¢x};_, of H and {Ax};_, in R such that

T(ek) = Akpk, Yk =1.

Moreover, for any € > 0 there are only finitely many A, with || > €. Conversely, every linear
operator of the above form is compact and symmetric.
Here, each A is called an eigenvalue of T, and each ¢, an eigenvector.

® When dimH = oo, one can also deduce that 14, — 0 as k — oo.

® This implies that any compact symmetric operator cannot be invertible in infinite
dimensional cases.
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Random function

Definition 7 (Random function). |

Let (22, F, P) be a probability space and (H, B(H)) be a measurable space, where H is a
Hilbert space. Then, a measurable mapping X : Q — H is called a random function.

Definition 8 (Expectation of a random function).

Let X : 2 — H be a random function. Under the condition that the expectation of || X||g,
fQIIXIIHdP, is bounded, the mean of X is defined by the Bochner integral as fQ XdP.

Definition 9 (Covariance operator of a random function). |

Let X : Q2 — H be a random function such that E(||X||§I) < 0. Allinear operator C: H — H
defined by

C(x), y)u = E(<X — E(X), x)s - (X - E(X),ym)

is called a covariance operator. It is known that C is compact and symmetric.
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Gaussian random function

Definition 10 (Gaussian random function). |
A random function X taking values in H is called a Gaussian random function with mean u
and covariance operator C, if (X, y)u is Gaussian for all y € H, i.e.,

X,y ~ N(w, Yy CY).y)s) Vy €L

Definition 11 (Jointly Gaussian random function).

Random functions X; taking values in H; for j = 1, ..., k are jointly Gaussian if
X1, yu,s - Xk, Yiom, are jointly Gaussian for all y; € Hj for j = 1,..., k.

Proposition 9.
Suppose that two random functions X; and X, are jointly Gaussian. Then, X; and X, are
independent if and only if they are uncorrelated.
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LiNGAM for random vectors



LiNGAM for random vectors

Proposition 10 (Multivariate Darmois-Skitovich theorem). ‘
For m > 2, let Ly and L, be defined by

m m
Ly = Z A&, Le = Z Biéj.
= =

where &; are independent random vectors and A;, B; are matrices. Then, if Ly and L, are
independent, all random vectors &; with invertible matrices A; and B; are Gaussian.

Theorem 1 (Identifiability of the LINGAM for random vectors).
Let

Xi =€, Xo=ApX+e,
where € and e are independent random vectors and Ay, is an invertible matrix. If ¢ or e is

non-Gaussian, then the model is identifiable.
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LiNGAM for random functions



Motivating example

— cost
s ® sinw

0
X

® Consider a simple example:
> H = L2[0,2x].

> Xi =sin(-) + & and Xo = T12(X4) + €, where Ty, : H — His a linear operator
such that Ty2o(f) = f((- +7/2) mod 2n).

e |f we have realizations for each random function as x§1) =(1,-1)and xg) =(0,0),

naive application of the LINGAM for random vectors would yield a wrong result with
T2 = 0.

Q
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LiNGAM for random functions

Proposition 11 (Functional Darmois-Skitovich theorem). ‘
Form > 2, let L; and L, be defined by

L= ;A,-(g,-), L= ; Bi(&).

where ¢; are independent random functions and A;, B; are bounded operators. Then, if Ly and L, are
independent, all random functions &; with invertible operators A; and B; are Gaussian.

Theorem 2 (Identifiability of the LINGAM for random functions).
Let
Xi =&, Xo=T(X)+e,

where ¢ and e are independent random functions and T;, is an invertible bounded operator. If € or
& is non-Gaussian, then the model is identifiable.
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LiNGAM for random functions in multivariate scenarios

Proposition 2 (Identifiability for the LINGAM).

Assume that X follows the LINGAM. Then, a random variable X; is exogenous if and only if X; is

independent of its residuals r(j) = Xi — C?/Va:(" X;forall j # k.

Lemma 1. |

Assume that X follows the Func-LINGAM. Then, a random function X; is exogenous if and only if X; is
independent of its residuals ri(j) = Xi — Ty X; for all j # k.

Conjecture 1. |

Assume that X follows the Func-LINGAM. In addition, assume that dimH; < oo for all j = 1, ..., p. Then,
a random function X; is exogenous if and only if X; is independent of its residuals r(j) = Xk — ijijXj
for all j # k, where

* (Cy(x).y)m, = E(0G~ EG) 05, - (X - E(X0). ¥, ),
® Cj is the covariance operator of X;, and Cj;‘ is its inverse.
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Pairwise regression when dim H; = oo

® Suppose we solve a pairwise regression problem in the Func-LINGAM:
Xk = Timk Xj + &,

where j precedes k.

® Assuming that the eigenvalues of Cj; are all positive, T;_, is identifiable.

() Let {412, and {g;};” , be the eigenvalues and eigenvectors of Cj;, respectively. Since
{¢j.e}y 4 is the orthonormal basis of Hj, we have

Cif =0 = Z@(f,goj,f)H[go,f =0 < |fly, =0 & f=0 (Cjis injective).
=1

Using this fact, one can show that Tj_xX; = T« X; a.s. implies Tj_x = Tj_«. O
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Pairwise regression when dim H; = oo

® The conventional OLS method to estimate T;_ is to solve

argmin  E[| Xy - TXJHKZ_Hk = argmin  Tr(Ck) — 2TI’(TCK1‘) + TI’(TijT*).

T:H;—Hy ,bounded T:H,;—Hy,bounded

® Taking the Fréchet derivative and setting to zero yields the normal equation

TestCjj — Ckj = 0 & TeCjj = Cy.

® However, according to the spectral theorem, Cj; is not invertible when dim H; = oo,
which implies that we cannot recover the true operator.

Intuitively, this is because the variance of X; vanishes in several directions:
A= Var(<x-, ¢,,5>H/.) 50 as - o,

where {A.};° , and {g;};” , are the eigenvalues and eigenvectors of Cj;, respectively.
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Pairwise regression when dim H; = oo

Proposition 11 (Functional Darmois-Skitovich theorem).
For m > 2, let Ly and L, be defined by

m m
Li= Y A). L= B(&)
=1 j=1
where ¢; are independent random functions and A;, B; are bounded operators. Then, if L;

and L, are independent, all random functions ¢; with invertible operators A; and B; are
Gaussian.

* Consequently, when dim H; = oo, the alternative solution Tes: = CyiC;; fails to be
invertible, and thus Proposition 11 does not apply.

® Therefore, it is necessary to restrict Hy, ..., Hy, to have finite dimensions.
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Algorithm




Function recovery

>0 . >0 s \

® |n real-world scenarios, it is likely to observe incomplete realizations of each sample
function rather than its complete form.

® Various interpolation methods (e.g., spline, kernel) are applicable.
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FPCA regression

Proposition 12 (Kosambi—-Karhunen-Loéve theorem). |
Let X : Q — H be a random function such that E(||X||%) < e, and let C be the covariance operator of X.
Then,

N 2
E”(X ~ E(X)) - DX - E(X),W)HWH}H -0 as N — oo,
k=1
where {¢};_, comprises the eigenvectors of C.

® Consider a pairwise regression problem in the Func-LINGAM:

Test € argmin  E|IX, — TX|Z, .

T:Hj—Hg bounded
e Let {p; )72, and {¢k};2, be the eigenvectors of C; and Cy, respectively. According to Proposition
12 and the continuity of T, we have
- oo 5
Ell Xk - TX}'”]lz-Ik = E” ;(Xk,ﬂpk.zmkﬂﬁk,f = ;(X',%,z)n{/ T(p”“mk'
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FPCA regression

® Recall that

ElIXi - TX|I, = E” Z’O:(Xk’wk’fmk‘pk*[ B Z.OZ(X"‘M’[)H" T"Dj’[“:lk'
= t=t

® In addition, considering that {¢x };> , is an orthonormal basis for Hy, we have

T‘Pj,c = Zﬁf,f"’ok.t”

=1

for some ﬁ[’[/. In partiCUlar, ﬁ[,[' = <Tt,0j_g, Q.o >Hk .

® Then, the above equation can be written as

EH i<x‘<’9‘7kxf>}ﬂk‘t‘7k! = iO(" @j.0)E; T‘PJ'JH;K = E“ i ((Xk,‘/’k,/" Y, — iﬁ/,// <X',‘Pj4,[>]l-1j)‘;0k,[’| ;K.
=1 =1 ! =1 — !
® |astly, by the Parseval identity, we arrive at
EH i ((st Or0 Ve — iﬂm(xj,90/,01&])90&{/”; = i E(<ka‘Pk,(’ Yy — Zﬁw (X,',<p,;f>Hj.)2.
e= =1 =1 =1
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FPCA regression

® In practice we truncate each series at M; and My basis functions:

00 (o) 2 Mk M/ 2
Z E(<Xk,<ﬁk,f'>Hk - Zﬁz,f'()@,SDj,f)H,) ~ Z E(<Xk’90k,[’>Hk = ZBM(X/', (Pj,lf)H,-)
=

=1 =1 =1
* Now, since (X;, ;) are mutually uncorrelated, the given regression problem boils
down to M; x My separate problems:

= (Ckipje> P

2
:817,5’ = = arg minE((Xk,(pk,gfh-nk —ﬂ[,['<X', goj,g>Hl.) , =1, ...,,V’j, ¢ = 1,..., M.

(Ciije> j.eds; Bw€R

e Then, we construct T as

M M
Z Z Beolt, @i 00mpk.0-
(=1 {'=1

e IfdimH; = M; and dimHy = Mg, T = CK,C holds.
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* Input: Wp x n data matrix, and B-spline basis functions {(,Oj’[‘}y’;.I forj=1,..,p
> Each p function has W realization points.

> Typical B-spline bases are not orthonormal, and hence the Gram-Schmidt process
should be preceded.

e Output: Adjacent matrix T € RP*P

1. Step 1: Function recovery
> Recover X by X () = 8;( X (tr), . X" (tw)) fori = 1....n,j = 1.....p.

2. Step 2: Dimension reduction
> Take the principal components of X() by X ((X S PjA)Bs - ,()A<j(’),¢j,,‘,,[>‘3j) for
i=1,.,nj=1,.,p.
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3. Step 3: LINGAM procedure
> Initialize an ordered list of variables K =0 and m = 1.

> Repeat until p — 1 subscripts are appended to K:
(a) Forje V\ K, perform least squares regressions of Xy pc on Xjpc for all k € V \ K
(k # j) and compute the residual vectors r,(j) as

()], :[)A(ﬂ)PC],, — Bzl PC]1 — = BuolX PC]MJ,, C=1,..Mi=1,..,n,
where 3, is the regression coefficient between [X(’PC](, and [X(' pole-
(b) Find a subscript m that satisfies

= arg minIM(X; pc; 1(j)),
jeV\K

where IM is an independence measure such as mutual information or other measures.
(c) Append m to the end of K.
(d) Update X k,,c =r(mforallke V\Kandi=1,..,n
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Empirical results




° Xj() = Xj—1(') ' (D(')Tfj, where XO(') =0} ¢(X) _ (e—47rix’ e—2m‘x’1, e.’Zm'x, e4m‘x)’ and
&6~ x?(Is).
> Note that X; € span{e~#7, ..., e¥*} c L2[0,1] for j = 1,..., p.

> The true graph of the above modelis1 — --- — p.

n € {100,200, 300, 700} and p € {5, 10, 20, 30, 50, 70}.

e Every random function is realized at W = 1000 equidistance points, 0 = 1, ..., tjpo0 = 1.

The observed random function is Z;(tc) = X;j(t) + 0.25x*(1).

The number of B-spline bases are set at M = 5.

> If the cubic B-spline is adopted, the number of knotsis 1 +2 + 1 = 4.
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Table 1 Evaluation of Func-LINGAM with various number p of functions

Data size Metrics Various number of functions (mean + standard deviation}
p=35 p=10 p=20 p=30 p=350 p=T0

n =100 Precision 0.76 £0.14 0.64 £0.10 057 £0.09 0.40 £ 0.06 0.30 + 0.04 0.25+0.03
Recall 099 =0.04 095 +00 090 +0.07 075 =007 065+ 004 0.59 =004
F1 0.85 £0.10 0.76 £ 0.08 0.70 £0.09 0.52+0.07 0.41 005 0.35+0.03
SHD 140 £0.95 503+ 191 1347 +4.17 3347 £6.56 T4.73 £9.86 119.47 £ 10.70

n =200 Precision 083 £0.14 0.76 £0.29 072 £0.07 0.70 £ 0.06 0.54+ 005 0.46 = 0.07
Recall 100 + 0.00 0.80 +0.24 0.99 +0.01 097 +0.03 0.88 +0.03 0.81 =007
F1 050 +0.08 0.78 £0.27 0.83 £0.05 0.81 £0.05 0.67 +0.05 0.59 %007
SHD 097 £0.91 363458 TI0£235 1253 +£3.36 37.03 £6.60 66.20 + 12.79

n =300 Precision 085013 0.79 +0.28 075 +007 074 =005 070+ 0.05 0.60 = 004
Recall 1.00 + 0.00 0.84+£0.23 1.00 £ 0.00 0.99 +0.01 0.99+0.01 0.93+0.03
F1 092 £0.08 0.81 £0.26 0.86 £0.05 0.85 +£0.03 0.82+0.03 0.73 = 0.04
SHD 0.80 =0.75 317 +443 657250 1027 241 21.27 £ 4.36 4290 + 625

n =700 Precision 092 =010 081 +0.08 080 +0.07 078 =005 074+ 003 0.70 =002
Recall 1.00 + 0.00 1.00 £ 0.00 1.00 £ 0.00 1.00 £ 0.00 1.00 £ 0.00 0.95+0.05
F1 0.96 +0.06 0.88 +0.05 0.88 £0.04 0.87 £0.03 0.85+0.02 0.83+ 005
SHD 0.40 =0.55 250+ 1.20 496 +2.06 8D +234 17.40 £2.97 3270 =437
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Real data

® Functional MRI (fMRI) is a part of magnetic resonance imaging (MRI) that deals with
the brain‘s functional activity in the rest and the active states.

® The data consist of 155 subjects (n = 155), 168 time points (W = 168), and 17 parcels
(p=17).

® The participants were instructed to watch a movie that aimed to evoke various brain
activities. 26/29



Real data

Yeo Atlas 17 thick (func) 1
L R —
05 '
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0 -
| % 7
\J/ .
25
1

® To check the non-Gaussianity assumption, the Shapiro-Wilk normality test was
performed.

® Each parcel was represented by M = 5 principal components.
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Conclusion




Conclusion

® This paper discuss the identifiability of the Func-LINGAM based on the functional
Darmois-Skitovich theorem.

* All operators involved in the model must be invertible, which constrains the
func-LINGAM to finite dimensional Hilbert spaces.

® The experimental results reveal that the func-LINGAM struggles with variable
selection.

* Yet the consistency of the proposed algorithm remains unexplored, it appears to
hold provided that the underlying B-spline theory is well established.
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