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Main contributions and outline

Main contributions ‘
® Provide an algebraic perspective for investigating the cases where faithfulness does not

hold in (Gaussian) linear SEMs.

Investigate propagation of faithlessness and strong faithlessness respectively.

® |ntroduction ® Decomposition into graphical models
® Preliminaries ® Violation of strong faithfulness
® The algebraic geometry of unfaithful ® Discussion

distributions
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Introduction



Introduction

¢ |tis important to understand, given a set of conditional independence statements which
other independence statements have to hold in any distribution that satisfies the
former.

® For general collections of conditional independence statements, it has been shown that
no finite axiomatization to solve the implication problem exists.

® As aresult, most research on probabilistic and causal reasoning has focused on
probabilistic graphical models, where the implication problem can be solved in

polynomial time.

® This paper studies the problems of faithlessness and ¢-faithlessness propagation
for linear (Gaussian) DAG models.
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Motivating example
@ @ e |ts inverse covariance matrix is as
follows:

{ 3 0 -1
=0 2 -1|.
@ -1 -1 1
G: Three-node DAG ® There is an edge from Xj to Xz, but its
partial covariance is 0, which implies
Xy AL X5 | X3.

® Consider a three-node linear SEMs:
® This is the case where the faithfulness

Xi=e, Xo=Xi+e X=X+ Xot6, assumption is violated.

with & " N(0, 1).
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Preliminaries



Preliminaries

® Let G = (V, E) be a directed acyclic graph (DAG) with node set V and edge set E, and
let e = (€ | i € V) be a (Gaussian) random vector with mean 0 and diagonal covariance
matrix Q.

® A random vector X is distributed according to the linear structural equation model on
G:
Xi= ), 4Xi+e,
iePa(j)
where A are edge weights.

® Thus any random vector satisfying the above linear SEM will also be (Gaussian) with
mean 0 and covariance matrix ¥ given by

Y =(-NTQU-NT",
where A = (4;).
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Preliminaries

Definition 2.1. (Graphical model) |

Let G = (V, E) be a DAG with n nodes. (Identifying centered Gaussian joint distributions with
their covariance matrix,) we define the (Gaussian) linear structural equation model on G as
the image of the map

¢g : RE x (0,00)" — PD,
(ANQ) - (I-N)TQ(I-N)T,
where PD, is the cone n x n positive definite matrices. We denote this model by

Mg = image(¢g). Subsequently, we will refer to Mg simply as the (Gaussian) DAG model
ongG.

® |tis allowed for an edge weight to be zero.

* |ntuitively, the graphical model is a set of possible covariance matrices under the given
DAG G. 6/28



Preliminaries

® Xa 1 Xg| Xcor(A 1L B|C): Xaand Xg are conditionally independent given Xc.
® Xy Uy Xg| Xgcor(A Ly B|C): Xa and Xp are partially uncorrelated given X¢.

® X g Xg| Xcor(Alg B|C): A and B are d-separated by C in G.

Theorem 2.4. (D-separation and partial covariance)
A and B are d-separated by C in G if and only if the Xs ALy Xg | X¢ holds for every
distribution in the graphical model associated to G.

® Note that the faithfulness assumes A and B are d-separated by C if X4 Ly X5 | Xc.

* The faithfulness assumption would be violated if there exists 5 € Mg such that
Xa s Xg | Xc, which implies A and B are d-connected by C.

¢ |t is known that violation of faithfulness only happens in Lebesgue measure zero set.
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Preliminaries

e letC={h 1L Ji|Ki,....,lr 1L Jp | K¢} be a set of Cl statements. Then, the (Gaussian)
conditional independence model associated to C is the set of covariance matrices

Me={XePD,: Ly J|Kforalllld J|K eC}.
* A set of Cl statements defined by the global Markov property would be
global(G) = {Xi 1L X; | X :i lLgj |k},
while that defined by the local Markov property is
local(G) = {X; 1L XNd(i)\Pa(i) | XPa(i) cie V.
® By theorem 2.4 and Hammersley-Clifford theorem, we obtain

Mg A Mglobal(g) = Mlocal(g)~
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Preliminaries

Lemma. (Cl statement and partial covariance) |
Xi 1Ly X; | Xk holds in a random vector X ~ (u, X) if and only if det(Xjx jx) = 0, where

YikjK = [ ) K )

ZKj ZKK
Proof.

det(Z,-K,,-K) = (O’,‘j - Z'KZRZ(ZKI) det(ZKK) =0
— gijj — ZIKZH(ZK]' =0

— X,'J.L):Xj|XK. O
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The algebraic geometry of
unfaithful distributions




Main problem

Problem 3.2.
Let Mg be the graphical model on the DAG G and suppose i lLg j | K. For which disjoint sets
A.B,Cc [n] does ¥ € Mg N MiJ_L/"K imply Xa 1Ly Xz | Xc?

® ForX € Mgn Miujk, X; ILs X | Xk even if i and j are d-connected by K, which is the
case where faithfulness does not hold.

® Problem 3.2. aims to investigate a condition for & to be unfaithful with respect to a triple
(Xi’ >(j9 XK)

® |n some cases, this condition would unintentionally involve additional Cl statements.
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Decomposition of covariance

Definition 3.3. (Trek)

A trek in G from a node i to a node j is a pair (P., Pr), where P, is a directed path from
some node s to i and Pg is a directed path from the same node s to j. Here, s is called the
topmost node of the trek, whereas i and j are called the leftmost and rightmost vertices of

the trek, respectively.

®4.@ e 2153

> Topmost node : 1.

¢ 2~1-52-3

@ > Topmost node : 1.

e 2253

G: Three-node DAG
> Topmost node : 2.
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Decomposition of covariance

Definition 3.3. (Trek monomial) |
For any given trek T = (P., Pg), the associated trek monomial mr is given by

mr = Ws H Ake l_[ Ake-

k—(eP, k—{ePr

® With this terminology in place, we may formulate the trek rule which states that the
entries of any covariance matrix > € Mg is given by o = >\ mr.

@ @ *2«—1->3
> Mt = wydyad43.
e 2«—1-52-3
> mT:w1/l122/123.

@ e 2253

G: Three-node DAG > M7 = wodos. 12108



Decomposition of covariance

Definition 3.3. (Trek rule) ‘
Let R[X] = R[oj | 1 <i <j < n] and R[4, w] be the rings of polynomials in the covariances o
and the non-zero entries of (A, Q2), respectively. Then algebraically, the trek rule can be seen
as a ring homomorphism ¢, from R[X] to R[4, w]. Specifically,

b R[Z] — R[4, w]

O’,‘jl—)ZfTIT.
T

. (b*g(f) compactly denotes the result of substituting the trek rule expressions for each of
the covariances appearing in the polynomial f € R[X].

* Continuing the example, ¢,(023) = widi2d13 + w1 2,03 + wodo3.
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Characterization of faithlessness

e Qur goal is to find a parameter space

@4*@ where the distribution of X is unfaithful

{ with respect to X g Xz | Xs.

® By the previous lemma, det(X323)
should be zero, which can be expressed
@ by (A, Q) using the trek rule.

G: Three-node DAG 9g(det(X1323)) = 9(0120°53 — T13023)
= wi(wsdi2 — wady3dz3)
® 012 = wids2. =
* 033 = wi(A13 + dizdzs)? + wadyy +ws.  * Finally, we obtain
Mg 0 Myuap

* 013 = wi(di3 + Ar2d23).
= ¢g ({(/\, Q) € RE X (0, OO)n fwadie — wadizdog = O}) .

® 023 = wid12(A13 + A1adog) + wodos. e



Characterization of faithlessness

Theorem 3.4. (Characterization of faithlessness) |

LetG = (V,E)be aDAG and i 1 j| K be a Cl statement which is not implied by d-separation on G, i.e.
i:and j are d-connected by K. Let ¢; be the ring map which corresponds to the parameterization of Mg
and ¢ (det(Zi k) = 174 f, be an irreducible factorization. Then

Mg,,‘lj\K =Mgn MiJJ_j|K = U ¢g((v(fi)) N PD,,

=1

where V() = {(A, Q) € RE x (0,00)" : f; = 0}, and ¢g(V(f:)) = {¢5(A. Q) : (A, Q) € V()}.

e Each element of Mg,k is a covariance matrix that satisfies all d-separation statements in G
while X; and X; are partially uncorrelated given X.

® Recall that X; 1.5 X; | Xk holds if and only if det(X i x) = 0.
® This requires at least one of f, to be zero, where f; is a function of (A, Q) according to the
definition of ¢,.
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Characterization of faithlessness

e Qur goal is to find a parameter space

@4*@ where the distribution of X is unfaithful

{ with respect to X g Xz | Xs.

® By the previous lemma, det(X323)
should be zero, which can be expressed
@ by (A, Q) using the trek rule.

G: Three-node DAG 9g(det(X1323)) = 9(0120°53 — T13023)
= wi(wsdi2 — wady3dz3)
® 012 = wids2. =
* 033 = wi(A13 + dizdzs)? + wadyy +ws.  * Finally, we obtain
Mg 0 Myuap

* 013 = wi(di3 + Ar2d23).
= ¢g ({(/\, Q) € RE X (0, OO)n fwadie — wadizdog = O}) .

® 023 = wid12(A13 + A1adog) + wodos. .



Characterization of faithlessness

/N
®—® @O

G: Five-node DAG

Note that X _ng X5 | Xq.

Using the trek rule, one would obtain ¢*g(det(214,45)) = wywsAiodogA34ldss.

Then, Mg 1154 = Mgi1-2 U Mgio—s U Mgz—a U Mgs_s, where
Magyisj = g (I(A. Q) € RE x (0,00)" : 2 = 0}).
Intuitively, Mg\i—; corresponds to a sub-model of Mg where the edge i — j is deleted.
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Propagation of faithlessness - General

Corollary 3.6. (Propagation of faithlessness - General) |

Let a, b € [n] be disjoint elements and C C [n] \ {a, b}. Then a 1Ly b | C for all distributions
Y € Mg,,‘lj‘K if

$p(det(Tacic)) € (p5(det(Ticw))) : | | #o(det(Tss))™

Scv

e Corollary 3.6 provides a sufficient condition for testing additional Cl implications in Mg, -

® Let ¢;(det(Zijx)) = [17.4 f, be an irreducible factorization, and let
I={ce[m]:3Sc V,3g > 15t ¢} (det(Tss)) o ;).

® Considering that X5 s is a marginal covariance matrix w.r.t. Xs, its determinant is clearly
non-zero, which implies that f, #0 V¢ e I.

¢ <¢;(det(ziK.jK))> ¢ [scv ¢5(det(Xss))™ = < [Teer f(>-
® Intuitively, <¢*g(det(Z,K,,-K))> : [1scv ¢ (det(Xss))™ only consists of factors that can be

zero-valued. 18/28



Propagation of faithlessness - General

Corollary 3.6. (Propagation of faithlessness - General) |

Let a, b € [n] be disjoint elements and C C [n] \ {a, b}. Then a 1Ly b | C for all distributions
Y e Mg‘,lj“( if

#5(det(Tacsc)) € (¢(det(Ens))) : [ ] 45(cet(Tas))™
Scv
o <¢;(det(ZiK,jK))> ¢ Tlscv ¢5(det(Xss))™ = <H€el f{,>_

® Intuitively, <¢*§(det(ZIK’jK))> : [1scv ¢ (det(Xss))™ only consists of factors that can be
zero-valued.

® The sufficient condition in Corollary 3.6 asks if ¢*§(det(ZaC,bc)) is divided by [ f;.

Remark.
If ¢;(det(Xin i) = 0 implies ¢, (det(Zacpc)) = 0, @ Ly b | C holds for all distributions X € Mg j-
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Propagation of faithlessness - General

* Corollary 3.6 does still require to compute ¢ (det(Xac,nc)) and ¢ (det(Zix,jx)) which
becomes much more difficult as the size of G grows.

® The corollary only provides a sufficient condition for testing Cl implications.

® In general Mg .k is no longer a graphical model, and hence finding Cl statements
using d-separation relationships is not available.

® By narrowing down to the cases where Mg . jk can be expressed as a union of
graphical models, the Cl implication problem can also be easily solved with
d-separation.
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Decomposition into graphical
models




Propagation of faithlessness - Union of graphical models

Proposition 4.1. (Propagation of faithlessness - Union of graphical models) |

LetG = (V,E) be a DAG and i 1L j | K be a Cl statement which is not implied by
d-separation on G. If Mg jk = ;. Mg, for some DAGs Gi, ....Gm then A 1Ly B | C for all
Y € Mgk ifand only if A 1g, B | C for all £ € [m].

® Recall that Mg 154 =
Mg\152 U Mgaa U Mg\a—a U Mgass.

°* X g, X3 and X» g, X3 for all
{=1,2,3,4.

@ @ g @ e This implies that X; 1Ly X3 and

Xo 1Ly X3 forall X € Mg 154

G: Five-node DAG

21/28



Propagation of faithlessness - Union of graphical models

@@.@ @@.@

G\1 -2 G\2—-4

@ @
@@.@ @@.@

:G\3 -4 :G\3—-5
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When Mg .« is a union of graphical models

Theorem 4.8. (Necessary and sufficient condition for Mg .k to be a union of
graphical models)

Let G = (V, E) be a DAG and {i}, {j}, K c V be sets of vertices such that K does not

d-separate i from j. Then, there exist graphs Gy, ..., Gm such that Mg, jx = U;_; Mg, if and
only if

¢ there is a unique d-connecting path from i to j given K (denoted by i « j), and

for all ks ¢ i & j, it holds that Pa(ks) C i « j UK.

Theorem 4.8 provides a necessary and sufficient condition for Mg iy« to be a union of
graphical models.

However, the exact forms of G, ..., Gm are still required to apply Proposition 4.1 to
detect a propagation.
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Violation of strong faithfulness




o-faithfulness

Definition. (s-faithfulness)

Let G = (V, E) a DAG and Mg be an associated graphical model. We say G is -faithful for
0>0if

ilgjlK < lpijkl <6,
where pj .k denotes a partial correlation coefficient between X; and X; given Xg.

® The notion of faithfulness has been criticized since near conditional independence
cannot be differentiated from exact conditional independence in finite sample.

® |n response the notion of ¢-faithfulness has been proposed as an alternative.

® This raises a natural question: How does propagation of §-faithfulness occur?
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Propagation of ¢-faithlessness

Theorem 6.1. (Propagation of ¢-faithlessness)

Let G = (V. E) be a DAG and {i}, {j}, K c V be sets of vertices such that K does not
d-separate i from j. Let M;, ;jk denote the set of covariance matrices such that |p; .| < 6,
and consider a node ¢ such that K does not d-separate i from ¢. Then for all 6 € [0, 1],
Mg N MIJJ_()le c MiJ_Lﬁf‘K if and only if i dg ] {j} UK.

* Note that

> 14g2|3and1 iy 42,3
> 14g4]3and1 iy 5]4,3.

® Then propagation appears as follows.

@ ; @ } ) @ Mg N Myyo3 = Mg N (Mg N My ,os)

C Mg N Miiap

C Miu,53-

G: Five-node DAG
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Comparison between faithlessness and o-faithlessness

/N
O—O—O—6

G: Five-node DAG

¢ Simple algebra gives Mg 114 = Mg\152 U Mg\o-4.

® Since it is clear that 1 and 5 are d-separated in both sub-graphs, X; 1Ly Xs holds for all
> € Mg 1.4 by Proposition 4.1.
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Comparison between faithlessness and o-faithlessness

a
O—O—O—O

® However, 1 and 5 are d-connected by 4, i.e. 11Lg 5| 4.
® According to Theorem 6.1, Xy 1Ls; X4 does not always imply Xy 1Ls Xs.
® This example illustrates that the propagation of faithlessness and ¢-faithlessness

are distinct.
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Discussion




® This paper studies the problems of faithfulness and d-faithfulness propagation for linear
(Gaussian) DAG models.

® |t offers a necessary and sufficient condition for the propagation of faithlessness when
the unfaithful model can be decomposed into a union of graphical models.

® However, it still requires the exact structure of each sub-graphical model, which can be
attained by calculating its determinant.

¢ Additionally, this framework cannot be applied under non-zero edge weight condition.

® There is no structural constraint to detect a propagation of §-faithlessness, but it
involves an iterative process which would be infeasible in a large graph.
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